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We study radiative corrections to massless quantum electrodynamics modified by
two dimension-five LV interactions Ψ¯γµb′νFµνΨ and Ψ¯γµbνF˜µνΨ in the framework
of effective field theories. All divergent one-particle-irreducible Feynman diagrams
are calculated at one-loop order and several related issues are discussed. It is found
that massless quantum electrodynamics modified by the interaction Ψ¯γµb′νFµνΨ
alone is one-loop renormalizable and the result can be understood on the grounds
of symmetry. In this context the one-loop Lorentz-violating beta function is derived
and the corresponding running coefficients are obtained.
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2I. INTRODUCTION
Despite its success to account for nearly all phenomena with precision down to subatomic
scales, the standard model of particle physics is incomplete and leaves several issues unsolved.
Beyond the standard model, exploring the possible new physics involving a violation of
Lorentz symmetry is an interesting and extensively studied subject in recent years. In
particular, Colladay and Kostelecky´ [1] have systematically constructed Lorentz-violating
(LV) terms of renormalizable dimensions and many related contents have been intensely
investigated [2–9].
Nevertheless, the fact that no significant departure from Lorentz invariance has been
observed in precision tests raises a subtle “Lorentz fine-tuning problem” [10] in this con-
text. One possible resolution is that the currently unknown underlying theory prohibits the
generation of the renormalizable LV operators at low energies. Probing this scenario at high-
energy scales would be interesting but lies beyond the scope of this paper. However, this
conception raises the interest in studying the LV terms of nonrenormalizable dimensions.
Studies in the literature of nonrenormalizable LV operators are relatively scanty. In the
framework of effective field theories, a nonrenormalizable theory treated as a low energy ef-
fective field theory, valid up to some mass scale M of new physics, might still be sensible and
reliable predictions could be made from it. At low energies, effects due to nonrenormalizable
terms are suppressed by inverse powers of M . This power suppression makes nonrenormaliz-
able operators “safer” than the renormalizable ones. A few investigations have been carried
out in this direction [11–15].
In this work, we focus on quantum electrodynamics (QED) modified by two dimension-
five LV interactions Ψ¯γµbνFµνΨ and Ψ¯γ
µbνF˜µνΨ, where F˜µν ≡ 12µναβFαβ is the dual elec-
tromagnetic tensor and the fixed vector background bµ is assumed to be the only source that
induces the Lorentz symmetry breaking. Several issues related to these two LV terms have
been studied and non-trivial results are obtained [12–15]. In particular, it is found that with
the operator Ψ¯γµbνF˜µνΨ, a charged spinor possesses a spin-independent magnetic dipole
moment density, along with the usual one associated with its spin. Also, the degeneracy of
the hydrogen energy spectrum is shown to be completely removed by the CP -even operator
Ψ¯γibjF˜ijΨ. The LV operator Ψ¯γ
µbνFµνΨ takes no part in determining the atomic energy
spectrum. For more details, see Ref.[15].
3From the field-theoretic point of view, it is interesting to study the quantum corrections of
an effective theory containing nonrenormalizable LV terms. A general feature of a nonrenor-
malizable theory is that one would not be able to reabsorb all the ultraviolet (UV) divergent
quantum corrections into the coupling constants in the original Lagrangian, and new coun-
terterms permitted by symmetry are needed at each order of perturbative calculations. So
far, even in the simplified case where massless QED is modified by the two non-minimal
LV operators mentioned above, a comprehensive study of one-loop radiative corrections to
this model is still lacking. Some one-loop calculations of the photon self-energy amplitude
have been performed 1 [14]. The goal of this work is to fill this gap by determining all the
divergent one-loop corrections and identify the higher dimensional counterterms that should
be added to the Lagrangian at the beginning so that the theory is consistent at one-loop
order.
The rest of the paper is organized into three parts. In Sec. II, using the Feynman rules for
massless QED modified by two non-minimal LV interactions Ψ¯γµb′νFµνΨ and Ψ¯γµbνF˜µνΨ,
the superficial degree of freedom of a general Feynman diagram is determined. We then
compute all divergent radiative corrections to the Lagrangian at one-loop order and find out
all new counterterms required in order to render the corrections finite. Some related issues
are discussed along the way. In Sec. III, based on the results of Sec. II, we investigate
the special case where massless QED is modified by only one LV operator Ψ¯γµb′νFµνΨ and
argue the renormalizability of the theory in this context. The one-loop beta function for the
LV coefficients b′α is derived and then used to solve for the running LV coefficients. Our
conclusions are given in the final section.
II. ONE-LOOP CORRECTIONS
We start with the LV model defined by the Lagrangian density as follows:
L = −1
4
FµνF
µν + Ψ¯(iD/− γµb′νFµν − γµbνF˜µν)Ψ, (1)
1 It is claimed in [14] that an aetherlike term is radiatively generated by the operator Ψ¯γµbν F˜µνΨ. However,
the calculations leading to Eq. (65) in that paper is erroneous, and in fact no aetherlike term is generated
in the case of electrodynamics.
4where the gauge covariant derivative takes the form Dµ = ∂µ + ieAµ with e being the gauge
coupling constant determining the strength of the electromagnetic interaction. The mass
dimension of the fixed vector background bµ and b′µ is −1. Here bµ and b′µ are chosen
differently since we have absorbed possible coupling constants of the two LV terms into the
fixed vector background.
Following the standard procedure, perturbative analysis begins with gauge fixing. Feyn-
man rules for the fermion and photon propagators are the usual ones. With the introduction
of the LV terms in the Lagrangian (1), the fermion-photon vertex is given by
V µ(q) = −ieγµ + b′ · qγµ − b′µ/q − µαβνbαγβqν (2)
where qµ is the photon momentum pointing into the vertex.
By naive power counting, the superficial degree of divergence D of a Feynman diagram
is
D = 4−Nγ − 3
2
Ne + V, (3)
where Nγ is the number of external photon legs, Ne is the number of external fermion legs,
and V is the number of fermion-photon vertices. At one-loop order, we only need to consider
the part of the diagram that is either zeroth or first order in coefficients of Lorentz violation.
It would be inconsistent to include terms that are nonlinear in LV coefficients without also
considering multiloop diagrams which could contribute at the same order [6]. Hereafter,
whenever we refer to one-loop, we mean the part of one-loop that is at most linear in LV
coefficients.
Notice that although the Lagrangian (1) violates CPT , it preserves C parity. Therefore,
the conventional Furry theorem holds and any vacuum expectation value of an odd number
of currents vanishes. The one-loop four-point photon amplitude, in spite of having posi-
tive superficial degree of divergence from (3), is finite because of the requirement of gauge
invariance.
In summary, at one-loop order, there are four divergent one-particle-irreducible ampli-
tudes, as shown in Fig. 1. For the remainder of this section, we will calculate all the
divergent one-loop corrections. In order to extract the UV singularities, we adopt dimen-
sional regularization to evaluate the integrals in d = 4 −  dimensional spacetime. The
applicability of standard dimensional regularization techniques in LV theories is discussed
in [6].
5FIG. 1: The four one-loop amplitudes with UV divergences.
A. Photon self-energy
Applying the Feynman rules, an expression corresponding to the one-loop photon self-
energy iΠµν(q) (Fig. 1a) is
iΠµν(q) = (−1)
∫
ddk
(2pi)d
tr
(
Vµ(q)
i
/k
Vν(−q) i
/k + /q
)
. (4)
After manipulating the Dirac matrices, we have
iΠµν(q) = −ed
∫
ddk
(2pi)d
1
k2(k + q)2
{e[kµ(k + q)ν − gµνk · (k + q) + kν(k + q)µ]
+iναβσb
αqσ[kµ(k + q)β − gµβk · (k + q) + kβ(k + q)µ]
−iµαβρbαqρ[kβ(k + q)ν − gβνk · (k + q) + kν(k + q)β]}. (5)
6Then, by means of standard steps including introducing a Feynman parameter, shifting the
integration variable, and performing the momentum integral, we obtain
iΠµν(q) =
ie
(4pi)d/2
2d
Γ(2− d
2
)(Γ(d
2
))2
Γ(d)
(−q2) d2−2[e(qµqν − gµνq2)− 2igναgµβαβσρbρqσq2]
=
ie2
6pi2
(qµqν − gµνq2)− ie
3pi2
gναgµβαβσρb
ρqσq2 + finite part. (6)
Some comments regarding this result are in order. First of all, current conservation guar-
antees that the result (6) obeys the Ward-Takahashi identity. This can be seen by dotting
the photon momentum qµ into the amplitude (6), which gives zero. Second, while the diver-
gent term proportional to i(qµqν−gµνq2) can be renormalized by the usual QED counterterm
proportional to F µνFµν , the second term in (6) shows that the one-loop correction to the
photon-photon correlation function due to the LV operator Ψ¯γµbνF˜µνΨ generates a new type
of divergence which cannot be absorbed in the original Lagrangian (1). It is straightforward
to show that the new counterterm needed in order to cancel this divergence is of the form
bαF µν∂µF˜αν . This is the leading higher derivative term allowed by symmetries. Finally, our
result shows that the LV operator Ψ¯γµb′νFµνΨ does not contribute to photon self-energy at
this order.
B. Fermion self-energy
The one-loop diagram contributing to the fermion self-energy is shown in Fig. 1b. This
contribution, denoted by −iΣ(p), in Feynman gauge is given by
− iΣ(p) =
∫
ddk
(2pi)d
V µ(p− k) i/k
k2
V ν(k − p) −igµν
(p− k)2 . (7)
By direct evaluation, we have
− iΣ(p) = − e
(4pi)
d
2
∫ 1
0
dx{Γ(2− d
2
)
(
x(x− 1)p2) d2−2 [ie(2− d)x/p+ 2(1− x)x/pµαβνbαpνγµγβ]
+Γ(1− d
2
)(x(x− 1)p2) d2−1µαβνbαγµγβγν}
=
e (Γ (d/2))2
(4pi)
d
2
(−p2) d2−2
(
2ie
Γ(2− d
2
)
Γ(d− 1)/p−
Γ(1− d
2
)
Γ(d)
αβµνb
α((2− d)/pγµγβpν − p2γµγβγν)
)
=
ie2
8pi2
/p− e
48pi2
αβµνb
α(2pνγµγβ/p+ p
2γµγβγν) + finite part
=
ie2
8pi2
/p+
ie
24pi2
(5p2/bγ5 − 2(p · b)/pγ5) + finite part. (8)
7In the last step, we have used the identity
γµγνγλ = ηµνγλ + ηνλγµ − ηµλγν − iσµνλγσγ5. (9)
Note that Eq. (9) can be applied since the dimension dependence of γ5 will not affect the
results of simple poles in  and we are only interested in the divergent terms of one-loop
corrections in this paper.
The first term in (8) is the usual QED correction. The second and third divergent terms
indicate that new counterterms of the form Ψ¯/bγ5∂2Ψ and Ψ¯b ·∂ /∂γ5Ψ are needed. These two
terms are not gauge invariant. Later, we will show that by combining all new counterterms,
we can rewrite the set of counterterms in terms of gauge invariant operators.
C. Three-point fermion-photon vertex
Now we turn our attention to the vertex corrections. The calculation follows the same
steps as for the self-energy diagrams. The one-loop contribution to the three-point vertex
(Fig. 1c), computed in Feynman gauge, is
Γρ(p′, p) =
∫
ddk
(2pi)d
−igµν
k2
V µ(k)
i
/p′ − /kV
ρ(q)
i
/p− /kV
ν(−k), (10)
where p′µ = pµ + kµ.
After combining denominators by introducing Feynman parameters and shifting to a new
loop momentum variable l, we have
Γρ(p′, p) = −2e2
∫ 1
0
dxdydzδ(x+ y + z − 1)
∫
ddl
(2pi)d
1
(l2 + y(1− y)p′2 + z(1− z)p2 − 2yzp′ · p)3{
+eγµ(/p
′ − /l − y/p′ − z/p)γρ(/p− /l − y/p′ − z/p)γµ
−i(/l + y/p′ + z/p)(/p′ − /l − y/p′ − z/p)γρ(/p− /l − y/p′ − z/p)/b′
+iγµ(/p
′ − /l − y/p′ − z/p)[(b′ · p′ − b′ · p)γρ − b′ρ(/p′ − /p)](/p− /l − y/p′ − z/p)γµ
+i/b
′
(/p
′ − /l − y/p′ − z/p)γρ(/p− /l − y/p′ − z/p)(/l + y/p′ + z/p)
+2iµαβνb
α(l + yp′ + zp)νγµ(/p′ − /l − y/p′ − z/p)γρ(/p−−/l − y/p′ − z/p)γβ
−iραβνbαqνγµ(/p′ − /l − y/p′ − z/p)γβ(/p− /l − y/p′ − z/p)γµ}. (11)
8Then, a direct evaluation for the divergent contribution yields
Γρ(p′, p) =
−ie2
(4pi)2
{2eγρ − 2iµαβνbα(γµγνγρ(1
3
/p− 1
6
/p
′)γβ + γµ(
1
3
/p
′ − 1
6
/p)γ
ργνγβ
+(
1
3
p′ +
1
3
p)νγµγργβ) + 2iρµαβb
α(p′ − p)βγµ}+ finite part
=
−ie3
8pi2
γρ − ie
2
24pi2
(5/bγ5(p′ + p)ρ − b · (p′ + p)γργ5 − bρ(/p′ + /p)γ5) + finite part.(12)
Again, the identity (9) has been used in obtaining this result.
The first term in (12) is the usual divergent vertex correction in QED. The other divergent
terms in (12) reveal that the LV operators Ψ¯γµb′ νFµνΨ and Ψ¯γµbνF˜µνΨ receive no divergent
radiative corrections at one-loop order. Instead, LV counterterms of the form Ψ¯{Aµ, ∂µ}/bγ5Ψ
and Ψ¯b(µγν){∂µ, Aν}γ5Ψ are required to absorb the new divergences.
D. Four-point fermion-photon vertex
The radiative corrections to the four-point fermion-photon amplitude in usual QED is
finite. However, in the modified LV model (1), this is no longer true. At one-loop order,
the four-point fermion-photon vertex receives a correction from the diagram Fig. 1d. In
Feynman gauge, the diagram reads
Γµν(p, q1, q2) =
∫
ddk
(2pi)d
−igρσ
k2
V ρ(k)
i
/p′ − /kV
µ(q2)
i
/p− /k + /q1
V ν(q1)
i
/p− /kV
σ(−k), (13)
where p′µ = pµ + qµ1 + q
µ
2 .
Note that due to the symmetry of external photon legs, one only needs to consider
the part of this diagram that is symmetric under µ ↔ ν. Defining a shifted momentum
l ≡ k − (x + y)p′ − (y + z)p, one can show that the divergent contribution comes from the
following integrals:
− 6ie3
∫
ddl
(2pi)d
∫ 1
0
dxdydzdw
δ(x+ y + z + w − 1)
(l2 −∆)4 αβρσb
αlσ(γβ/lγµ/lγν/lγρ − γρ/lγµ/lγν/lγβ),(14)
where ∆ = ((x+ y)p′ + (y + z)p)2 − xp′2 − y(p+ q1)2 − zp2.
After a straightforward evaluation of the integrals, we arrive at
Γ(µν)(p, q1, q2) =
ie3
24pi2
(5gµν/bγ5 − b(µγν)γ5) + finite part. (15)
Thus, two counterterms Ψ¯A2/bγ5Ψ and Ψ¯b ·A /Aγ5Ψ are required to cancel these divergences.
9It is well-known in usual QED that gauge symmetry guarantees the equality of the coeffi-
cient of i/p in (8) with that of −ieγρ in (12). Here the fact that the coefficient of p2/bγ5 in (8),
that of −e/bγ5(p′ + p)ρ in (12), and that of e2gµν/bγ5 in (15) are equal and the coefficient of
−2b · p/pγ5 in (8), that of e(b · (p′ + p)γργ5 + bρ(/p′ + /p)γ5) in (12), and that of −e2b(µγν)γ5
in (15) are equal is due to the same reason. Therefore, it is easy to show that all new
counterterms needed to absorb these divergences can be combined into two gauge invariant
operators Ψ¯D2/bγ5Ψ and Ψ¯bµD(µDν)γ
νγ5Ψ, as it should be.
In summary, starting with massless QED modified by two non-minimal LV interactions
Ψ¯γµb′νFµνΨ and Ψ¯γµbνF˜µνΨ, we have computed all UV divergent one-loop corrections and
found out that three additional higher-derivative LV operators bαF µν∂µF˜αν , Ψ¯D
2/bγ5Ψ and
Ψ¯bµD(µDν)γ
νγ5Ψ should be included in the input Lagrangian in order to render quantum
corrections finite and keep the predictiveness of the theory at one-loop order.
III. bµ = 0 CASE
From the results of straightforward calculations in the previous section, an interesting
consequence is that other than the usual QED divergences, all new divergent corrections are
induced by the LV operator Ψ¯γµbνF˜µνΨ. The other operator Ψ¯γ
µb′νFµνΨ does not contribute
to one-loop divergences. The reason for this is that among all the gauge invariant, CPT -
violating and C-preserving operators that are linear in a fixed vector background, operator
Ψ¯γµb′νFµνΨ is unique in the sense that none of the other operators has the same P and T
transformation properties as Ψ¯γµb′νFµνΨ has. More explicitly, b′0 term preserves P parity
(and thus violates T parity) and b′i terms preserve T parity (and thus violate P parity).
It follows that Ψ¯γµb′νFµνΨ cannot mix with other dimension-five operators by quantum
corrections. Then, in the special case where bµ = 0 in (1), the results of our analysis in
the previous section show that all divergent corrections are the usual QED ones, which
can be removed by the renormalization constants and interaction parameters in the original
Lagrangian. Hence the theory governed by the Lagrangian
L = −1
4
FµνF
µν + Ψ¯(iD/− γµb′νFµν)Ψ, (16)
although containg a dimension-five interaction, is one-loop renormalizable.
In this circumstance, given the results of the usual QED one-loop divergences, it is
10
straightforward to determine the renormalization constants ZA,Ψ,e,b′ , which relate the bare
fields, the bare coupling constant, and the bare LV coefficients to the renormalized ones by
ΨB =
√
ZΨΨ, A
µ
B =
√
ZAA
µ,
eB = Zee, b
′α
B = (Zb′)
α
µb
′µ. (17)
The results are:
ZΨ = 1− e
2
8pi2
, ZA = 1− e
2
6pi2
,
Ze = 1 +
e2
12pi2
, (Zb′)
α
µb
′µ = b′α +
5e2
24pi2
b′α. (18)
From these renormalization constants, the beta function βb′ governing the one-loop run-
ning of the LV coefficients b′α is found to be
(βb′)
α =
5
24
e2
pi2
b′α. (19)
Solving the renormalization group equation, the one-loop running of the LV coefficients b′α
is given by
b′α(µ) =
(
1− e
2(µ0)
6pi2
ln
µ
µ0
)− 5
4
b′α(µ0). (20)
This result indicates that the LV coupling b′α(µ) becomes weaker at low energies. Notice that
this running is slow despite the fact that the mass dimension of b′α is negative. In [6], based
on the running behaviors of the coefficients associated with LV operators of mass dimension
four or less, it is conjectured that there should be a rapid running for LV coefficients with
negative mass dimension. However, this is not the case for the theory (16). In fact, Eq. (20)
tells us that
b′α(MPl) ' 1.08 b′α(MW ), (21)
where MPl and MW are, respectively, the Planck and electroweak scales. This modest run-
ning behavior is due to the fact that setting b′α = 0 enhances the spacetime symmetry group
of the specific model (16), which admits the background vector b′α as an invariant tensor,
from SO(3), SO(2, 1) or SIM(2) (depending on if b′α is timelike, spacelike, or lightlike2,
respectively) to the conformal group SO(4, 2).
2 We thank anonymous referee for the comment on the lightlike case. For more details, see [16]
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IV. CONCLUSION
In this paper, we have computed all UV divergent one-particle-irreducible Feynman di-
agrams in the LV theory (1) at one-loop order. The divergent corrections to the photon
self-energy are given in Eq. (6), and those to the fermion self-energy are given in Eq. (8).
The divergent corrections to the three-point and four-point fermion-photon vertices are given
in Eq. (12) and Eq. (15), respectively. Our results indicate that other than the usual QED
divergences, all new divergent corrections are due to the LV operator Ψ¯γµbνF˜µνΨ. Three
additional higher-derivative LV operators bαF µν∂µF˜αν , Ψ¯D
2/bγ5Ψ and Ψ¯bµD(µDν)γ
νγ5Ψ are
found to be required in order to keep the predictiveness of the theory at one-loop order.
We have also shown the one-loop renormalizability of massless QED modified by the
operator Ψ¯γµb′νFµνΨ, despite the negative mass dimension of the vector background b′α. In
this circumstance the one-loop beta function for the LV coefficients b′α is determined and
solved for the running coefficients. We argue that the slow running of b′α(µ) between the
electroweak and Planck scales described by Eq. (20) can be understood on the grounds of
symmetry. We hope to probe the possible phenomenological applications of this model in
the future.
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